Abstract. Let Y be the space of all entire functions f : C 2 → E defined by the vector valued Dirichlet series, where E is a complex Banach algebra with the unit element. We study various topologies defined on the space Y and characterize continuous linear transformations on Y .
Introduction
Let f (s) = ∞ n=1 a n e sλn , s = σ + it (σ, t are real variables), (1.1) where a n (n ∈ N) are complex numbers and the real sequence {λ n } satisfies the conditions: 0 < λ 1 < λ 2 < · · · < λ n < · · · , λ n → ∞ as n → ∞, and lim sup n→∞ log |a n | λ n = −∞ , lim sup n→∞ log λ n n < ∞ .
Then the Dirichlet series (1.1) represents an entire function f (s). Kamthan and Gautam ([3] , [4] ) defined various norms on this space. They obtained the properties of bases of the space using the growth parameters of entire Dirichlet series. In [1] and [2] , S. Daoud studied properties of the space X of entire functions defined by Dirichlet series of two complex variables.
In [5] , B. L. Srivastava considered the vector valued Dirichlet series where the coefficients {a n } belong to a complex Banach space. He also defined the growth parameters such as order, type, lower order and lower type of the 68 ARCHNA SHARMA AND G. S. SRIVASTAVA vector valued entire Dirichlet series. He also obtained coefficient characterizations of order and type.
Let the coefficients a m,n (m, n = 0, 1, . . . ) belong to a complex commutative Banach algebra (E, · ) with the unit element ω, and the real sequences {λ m } and {µ n } satisfy the following conditions:
In the following we may assume, without loss of generality, that λ 1 , µ 1 1. Let us consider the mapping f :
is an entire function (see [5] ). In [6] , the authors introduced two equivalent topologies on the space Y of entire functions (1.4) and obtained some properties of bases in Y . In this paper we prove some additional properties of the space Y . We also give a characterization of certain continuous linear transformations on the space Y .
Topologies on the space Y
Let us assume that {σ 2 → ∞ with k → ∞. For each f ∈ Y we put (see [6] , p. 84)
where f (s 1 , s 2 ) is a vector valued entire function defined by (1.4), and define a metric topology on Y with the metric
Another metric topology on Y is determined by the metric (see [6] , p. 84)
where, for 0 < σ 1 , σ 2 < ∞,
For each f ∈ Y , let us define a function
which is well defined in view of (1.3). The function p satisfies the following properties:
Indeed, (i) and (ii) are obvious. To prove (iii) let f, g ∈ Y , where f is defined by (1.4) and
and so,
Therefore, using the inequality Proof. First we consider the topologies defined by the metrics ρ and d. For this we take a sequence {f β } ⊂ Y , Hence, as in [1, p. 413] , for each k we get
Therefore f β → f with respect to each norm ||f ; σ
Now, suppose that f β → f in the metric ρ. Then f β → f with respect to each norm ||f ; σ
2 ||. Therefore, for a given ε > 0 we can choose k large enough such that exp(−σ k ) < ε, where σ k = min(σ
2 ), and there exists β 0 = β 0 (ε) such that a (β) 0,0 − a 0,0 < ε, β ≥ β 0 , and, for m, n ≥ 0, m + n = 0,
Hence d(f β , f ) < ε for all β ≥ β 0 and, consequently, f β → f in the metric defined by p. Combining the two sides, we obtain the equivalence of ρ and d. It has been shown earlier by the authors (see [6] , p. 85) that the topologies defined by ρ and T are equivalent. This gives the result. Proof. In view of Proposition 1, it is sufficient to prove the completeness of Y under one of the above topologies. We consider the topology generated by the metric d. Let {f β } be a Cauchy sequence in Y . Then for a given ε, 0 < ε < 1, there exists an integer N = N (ε) such that 
in view of (1.3). This shows that
where f ∈ Y . The result is proved.
Linear transformations on the space Y
In this section, we characterize certain linear transformations on Y . In what follows, for each f ∈ Y , let p(f ) be defined as above and for f, g ∈ Y we have d(f, g) = p(f − g). c m,n a m,n is absolutely convergent but the sequence (3.1) is not bounded. Then we have
Now we define a sequence {a m,n } ⊆ E such that where ω is the unit element of E. Then (1.4) holds but
Therefore, the sequence c m,n a m,n does not tend to zero as m+n → ∞ and so, the series ∞ m,n=0 c m,n a m,n does not converge. This is a contradiction and hence, the necessary part is proved.
To prove the sufficiency part let us suppose that the sequence (3.1) is bounded. Then there is a positive constant M such that
and (see [1] , Lemma 1) the series m+n>0 exp{−M (λ m +µ n )} is convergent. Now, using (1.3), we find a positive integer n 0 such that Hence φ is continuous and the proof of Theorem 2 is complete.
